Abstract. We propose a novel technique to probe the expansion history of the Universe based on the clustering statistics of cosmic voids. In particular, we compute their twopoint statistics in redshift space on the basis of realistic mock galaxy catalogs and apply the Alcock-Paczynski test. In contrast to galaxies, we find void auto-correlations to be marginally affected by peculiar motions, providing a model-independent measure of cosmological parameters without systematics from redshift-space distortions. Because only galaxy-galaxy and void-galaxy correlations have been considered in these types of studies before, the presented method improves both statistical and systematic uncertainties on the product of angular diameter distance and Hubble rate, furnishing the potentially cleanest probe of cosmic geometry available to date.
Introduction
Because General Relativity relates the distribution of matter and energy to the geometry of spacetime via Einstein's field equations, observations of the cosmic expansion history allow constraining the material constituents of our Universe. In this manner supernova distance measurements have inferred an exotic form of dark energy (respectively a cosmological constant) that appears to dominate the cosmic energy budget today and is responsible for the Universe's accelerated expansion [1] . While this result has been confirmed by many other experiments, such as the cosmic microwave background missions WMAP [2] and PLANCK [3] , the true nature of dark energy remains elusive and its equation of state too poorly constrained to rule out subsets of competing models trying to explain its origin.
A particularly elegant method to probe the cosmic expansion history has been proposed by Alcock and Paczynski in 1979 [4] . It is based on the cosmological principle, stating that the Universe obeys statistical homogeneity and isotropy. Provided this very reasonable principle to hold, any significant anisotropies observed in the cosmos must hence be due to erroneous assumptions on its expanding geometry. Galaxy redshift surveys offer the ideal means to perform a so-called Alcock-Paczynski (AP) test, as they are able to map out the three-dimensional matter distribution of large cosmological volumes. Numerous studies have applied the AP test to the baryon acoustic oscillation (BAO) feature in the two-point statistics of galaxies, yielding tight constraints on the Hubble expansion rate and the angular diameter distance as a function of redshift (e.g., see [5] [6] [7] [8] [9] [10] [11] [12] [13] for some of the most recent measurements). Unfortunately, redshift-space distortions from the peculiar motions of galaxies limit the accuracy of this type of technique, as they generate anisotropies in the clustering statistics of galaxies as well. This effect can be accounted for very well on large scales, where linear theory applies [14] (e.g., the BAO scale). However, on semi-linear scales and beyond, where the bulk of the data is available, theoretical predictions quickly lack sufficient accuracy and redshift-space distortions must be treated as a systematic contamination to the AP effect (e.g., see [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] for some of the latest theoretical and numerical studies on redshift-space distortions).
An alternative observable to the two-point statistics of galaxies for carrying out an AP test is the shape of stacked voids [26] [27] [28] . Voids are the underdense regions in the Universe that occupy the space between sheets, filaments and clusters of galaxies, and hence make up the dominant fraction of its volume. Although taken individually, voids exhibit arbitrary shapes and internal structures, their ensemble average (i.e. their stacked galaxy-density profile) obeys statistical isotropy. In practice, a stacked void is constructed by alignment of the volume-weighted centers of each individual void identified in a galaxy survey, and by histogramming the distribution of galaxies around this center. Thus, it is equivalent to the void-galaxy cross-correlation function and hence a two-point statistic like the galaxy autocorrelation function. However, voids have the advantage of being the least evolved structures in the Universe, which makes their theoretical description more feasible and easier relate to the initial conditions (e.g., [29, 30] ). Nevertheless, stacked voids are subject to redshift-space distortions, which are inherent to the inferred positions of the galaxies used to construct their profiles [31] [32] [33] [34] . In contrast to galaxy auto-correlations, however, which are quadratic in the density of galaxies, void-galaxy cross-correlations merely depend on galaxy density linearly. Nonlinear contributions from redshift-space distortions are therefore less severe in this case, allowing to extend the available range of scales for modeling the observational data. Assuming average spherical symmetry, it is further possible to reconstruct the real-space density profile of stacked voids in a model-independent way [35] .
In this paper we propose a third statistic to be adequate for an AP test: void autocorrelations. In contrast to the other two methods, this statistic is not directly affected by redshift-space distortions at all, since the galaxy density does not enter in it. Peculiar motions of galaxies only affect this estimator indirectly when voids are identified in redshiftspace. However, the difference in void positions from real space is expected to be small, as many galaxies are needed to define a single void, which diminishes the net displacement of its volume-weighted center. With the help of N -body simulations and realistic mock galaxy catalogs, in this study we demonstrate this expectation to hold, and advocate the consideration of void auto-correlations as an additional, and potentially the most pristine way of applying the AP test.
Simulation
We analyze a large simulation that evolved 2048 3 cold dark matter particles in a 1h −1 Gpc box of a PLANCK cosmology [3] with the 2HOT N -body code [36] . Halo catalogs are created using the ROCKSTAR halo finder [37] with an overdensity threshold of δ = 200 to define virialized objects. We refer to a standard halo occupation distribution model [38, 39] with parameters adapted to the SDSS DR7 [40] to generate a realistic mock galaxy sample. This results in a distribution of about 2 × 10 7 galaxies with host-halo masses m g 2 × 10 11 h −1 M and a mean separation of roughly 3.7h −1 Mpc at redshift z = 0.
These mock galaxies are further utilized to generate void catalogs using VIDE [41] , a void identification and examination toolkit based on the ZOBOV [42] algorithm, which finds density minima in a Voronoi tessellation of the tracer particles and grows basins around them applying the watershed transform [43] . It gives rise to a nested hierarchy of voids and subvoids, and we consider all voids in this hierarchy for our analysis. We prevent basins from merging with each other if the minimum ridge density between them is larger than 0.2 times the mean density. This prevents voids of growing too deep into overdense structures [42] . We further define void centers as the mean of each void's particle positions, weighted by their Voronoi cell-volume V c [26, 44] . The effective void radius r v is defined as the radius of a sphere comprising the same volume as the watershed region that delimits the void. Finally, power spectra are obtained by Fourier transforming a cloud-in-cell interpolation of tracer particles on a cubic mesh of 512 3 grid points and subsequent shell averaging.
Method
In cosmological redshift surveys, the observed angles Θ and redshifts z of galaxies observed on the sky are converted to physical distances using the angular diameter distance D A (z) and the Hubble rate H(z) via
where r ⊥ refers to physical distances on the plane of the sky, r to the ones along the line of sight and c is the speed of light. The angular diameter distance is an integral over the inverse Hubble rate as a function of redshift,
while the Hubble rate itself depends on the matter and energy content in the Universe,
It is hence inevitable to assume fiducial values for today's Hubble constant H 0 , matter density Ω m , and cosmological constant Ω Λ in order to construct a three-dimensional map of the distribution of galaxies, and to infer a clustering power spectrum P (k) from it. If these fiducial parameters do not coincide with the true cosmological values, not only the distances in eqs. (3.1) and (3.2) will be incorrect, but also the components of the wave vector k and the power spectrum P (k). This effect is commonly referred to as the AP test [4] , as it allows to determine the true cosmological parameter values in cases where the geometry of the observed structures is known.
One example for such structures are cosmic voids, as on average they obey isotropy, provided the cosmological principle holds. However, as the galaxies that define a void are subject to peculiar motions, they add a contribution to their observed redshift that is no longer purely caused by cosmological expansion, but also by the Doppler effect. This adds a second term in eq. (3.2), which depends on the line-of-sight galaxy peculiar velocity v ,
Because v is a priori unknown, theoretical models are utilized to relate it to the observed density fluctuations of galaxies. Let us write the density fluctuation of a tracer as
where n(r) is the spatially varying number density of tracers (e.g., dark matter particles, galaxies, or void centers) with a mean value ofn. After applying the Fourier transform
the three-dimensional tracer power spectrum P (k) is defined via
where δ D denotes the Dirac delta function and the asterisk signifies complex conjugation. A convenient statistic to measure the deviation from isotropy in spatial clustering is the ellipticity of the power spectrum
where k and k ⊥ are the Fourier-space analogs to r and r ⊥ in eqs. (3.1) and (3.2), and hence scale oppositely with D A and H, respectively. The ellipticity is identical to unity only if P (k) is isotropic, so any deviation of (k) = 1 points at anisotropies. Its definition in eq. (3.9) is motivated in analogy to the ellipticity of the inertia tensor as given in refs. [45] [46] [47] and captures any possible signatures of anisotropy. In order to quantify the sensitivity to geometric distortions, respectively to the AP test, we calculate the Fisher matrix [48, 49] for the ellipticity,
Here, C ij = (k i ) (k j ) are the elements of the covariance matrix C of (k) and the elements of M αβ are
where µ i = (k i ) . We consider the parameters θ 1 = D A and θ 2 = H, as (k) is not sensitive to any parameters that control only the normalization and shape of the one-dimensional power spectrum P (k). Because a change in D A distorts the observed volume geometrically the same way as a change in H does (see eqs. (3.1) and (3.2)), the two parameters are degenerate and only their product D A H can be constrained from an AP test alone. Finally, the optimal uncertainties σ θ on the parameters of interest θ are obtained by inversion of eq. (3.10), yielding the Cramér-Rao bound
For the case of purely geometrical distortions, the combination D A H is the only parameter that affects the ellipticity in eq. (3.9), so the matrix inversions and multiplications in eqs. (3.10 -3.12) become trivial. We estimate derivatives of a function F(θ) numerically by computing finite differences of δθ/θ = 1% variations in both D A and H,
In practice, changes in D A and H are realized by 1%-rescalings of all tracer coordinates (in redshift space) in the simulation box along either the x-and y-axes, or along the zaxis, respectively. The void-finding and power spectrum estimation steps are repeated for these rescaled boxes, so that eq. (3.13) can be applied to obtain derivatives for the mean µ of the power spectrum ellipticity . To achieve sufficiently conservative results, we neglect derivatives of the covariance C in eq. (3.10), as it is not clear how well this information can be extracted in realistic observations. Moreover, we have checked that the contribution from the mean of the ellipticity greatly exceeds the one from its covariance in eq. (3.10).
Results
Anisotropies in the power spectrum can be caused by either geometric or dynamic distortions in the redshift-space coordinates. In this section we separately examine each of these distortions with the help of our numerical simulations. Figure 1 illustrates the impact of purely dynamic distortions on the two-dimensional power spectra and correlation functions of galaxies and voids. Hence, in this case a perfect knowledge of the cosmological parameters (respectively D A H) is assumed, and anisotropies are only due to redshift-space distortions caused by peculiar motions of galaxies. Their impact is most clearly visible in the auto-correlations of galaxies in both Fourier-and configuration space (top row of figure 1) . On large scales, anisotropies are due to the well-known Kaiser effect [14] : contours are stretched (flattened) along the line of sight in Fourier space (configuration space). This is due to the bulk flow of galaxies towards overdense structures in the linear regime, causing overdensities to be enhanced along the line of sight ("pancakes of god"). On small, nonlinear scales, this behavior is reversed: overdensities become virialized and create random motions of galaxies, which elongate contours of the correlation function along the line of sight ("fingers of god"). This can only marginally be seen in figure 1 , due to its coarse resolution.
Dynamic distortions
In cross-correlations between galaxies and voids (middle row of figure 1 ), dynamic distortions are evident as well, but reduced compared to auto-correlations of galaxies. Because the selected sample of voids is overcompensated on average (void-in-cloud effect [50] ), on large scales far away from the void center, galaxies feel a net overdensity and hence coherently exhibit infall motions. This causes a Kaiser distortion which is equivalent to the one in galaxy auto-correlations. The most dynamic regions in voids are their compensation walls, which consist of virialized structures such as sheets, filaments and clusters of galaxies. Hence, random motions cause a broadening of contour lines within the compensation walls in configuration space along the line of sight [31, 33, 34] . In Fourier space, contours are correspondingly flattened on scales of the compensation wall feature at k π/r v , where the void-galaxy cross-power spectrum changes sign. In the underdense void interior, galaxies exhibit coherent outflow motions, which slightly elongates the contours of the void-galaxy cross-correlation function on small scales along the line of sight [33] .
Last but not least, void auto-correlations are shown in the bottom row of figure 1. Dynamic distortions evidently play a minor role in this statistic, as the contour lines appear to be fairly circular. Residual anisotropies are consistent with being random fluctuations due to the lower number count of voids compared to galaxies, but no systematic trends are manifest. The compensation wall of the void auto-correlation function extends to twice the effective void radiusr v , because of mutual void exclusion (see [51] for similar effects in the halo autocorrelation function). This feature manifests itself as a ring of suppressed power in Fourier space at a scale k π/2r v [52] . Existing studies so far have only considered galaxy autoand void-galaxy cross-correlations for applications of the AP test, but void auto-correlations can be readily obtained from existing data as well [31] and provide additional information on the inferred geometry of large-scale structure. Moreover, systematic uncertainties and biases from redshift-space distortions appear to be negligible in void auto-correlations, which potentially makes this statistic the cleanest one for detecting geometric distortions. We will investigate this conjecture in more detail in the following subsection. 
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Geometric distortions
The ellipticity of the three-dimensional power spectrum quantifies spatial anisotropies in a very concise way, which is why we use it to study the influence of geometric distortions in this section. Figure 2 shows this quantity averaged within shells of increasing wavenumber k for all types of possible correlations between galaxies and voids in different test scenarios. In the top left panel, (k) is computed in real space without geometric distortions. This serves as a consistency check, as (k) must comply with unity in the case of a statistically isotropic distribution of tracers. Shaded bands show 65% confidence regions obtained from the standard deviation among 27 independent partitions of our simulation box, symbols connected by lines display the corresponding mean values. Evidently, the measured ellipticities do not indicate any deviation from isotropy, their values are all consistent with unity within their uncertainties. Note that relatively high uncertainties in the void-galaxy cross-correlation are due to its partly low power spectrum amplitude, as apparent from figure 1. Switching on peculiar motions of galaxies and hence redshift-space distortions produces the top right panel in figure 2 . For galaxy auto-and void-galaxy cross-correlations the ellipticity of the power spectrum significantly exceeds unity on large scales, a consequence of the Kaiser effect as already observed in figure 1. On intermediate scales the ellipticity changes sign around k 0.4h Mpc −1 and remains negative on smaller scales due to the finger-of-god effect caused by virial motions. However, for void auto-correlations the ellipticity appears to be remarkably unaffected by redshift-space distortions and remains consistent with unity within the error bars on all scales, as already anticipated from the lower panels of figure 1.
In the lower two panels of figure 2 we investigate the influence of geometric distortions superimposed on the dynamic distortions from redshift space. For illustration purposes, we chose large perturbations by 30% of opposite sign in D A (left) and H (right), as realistic deviations of the percent level would be visible less clearly. Furthermore, instead of rescaling the galaxy positions and repeating the void identification on the rescaled box, we simply shifted the void center coordinates in this case, since these large coordinate perturbations generally destroy the topology of the simulated large-scale structure, which causes voids to fragment. Only in the limit of small perturbations, which we will consider in the quantitative error analysis of the next section, the topology is preserved and ensures a robust void identification.
As apparent from figure 2, geometric distortions influence the ellipticity of all possible correlations between galaxies and voids. In order to understand how the changes relate to coordinate transformations, let us consider the differential of eq. (3.9),
and let us define the geometric distortion parameters
where the superscript "t" indicates values in the true underlying, as opposed to the assumed fiducial, cosmology. Using the coordinates k ⊥ and k , we can express the three-dimensional power spectrum in real space and its derivatives with respect to α D and α H as 
where P (k) ≡ dP (k)/dk and we assume k t k. Using these expressions and spherical coordinates with d 3 k = k 2 dk dcos θ dφ, k 2 = k 2 ⊥ + k 2 , and µ ≡ cos θ = k /k, the angular and radial integrals in eq. (4.1) factorize and the derivatives of can straight-forwardly be reduced to
Note that the integration over the angle on the sky φ does not contribute to , since P (k)
does not depend on it. As this calculation is carried out in real space, we have (k) = 1, so the sign and magnitude of changes in due to changes in the fiducial D A or H entirely depend on the amplitude and the slope of the power spectrum. On large scales, P (k) > 0 and P (k) < 0 for all power spectra shown in figure 1 , so d /dα D > 0 and d /dα H < 0, which means an increase in D A or H increases the ellipticity of the power spectrum (note that α D ∝ D A and α H ∝ H −1 ). However, when the slope of the power spectrum changes sign, P (k) > 0, the ellipticity is decreased. As can be seen from figure 2, this precisely happens for the void-galaxy cross-and void auto-power spectra beyond their local minima at k π/r v and k π/2r v , respectively. Note that the amplitude of the void-galaxy crosspower spectrum also changes sign around k π/r v , restoring the large-scale behavior of its ellipticity again. Although we have neglected the additional effects from redshift-space distortions in the above calculation, the qualitative behavior agrees with our expectations, especially for the void auto-power spectrum, whose redshift-space effects are of minor importance. Therefore, void auto-correlations are potentially the cleanest statistic for carrying out an AP test, as the imprint of geometric distortions can unambiguously be identified. Up to now, existing studies have only focused on galaxy auto-and void-galaxy cross-correlation analyses for that purpose, but void auto-correlations contain additional geometric information that is most likely the least affected by systematic uncertainties. Equations (4.5) and (4.6) clearly exhibit the fact that the AP test is impossible with a shot noise power spectrum, since P (k) = 0 in that case. Thus, only correlated point sets can generate geometric distortions. But even if the slope of the linear power spectrum vanishes, non-linearities can induce P (k) = 0 on void scales that still allow performing an AP test with void auto-correlations. This is in contrast to the common BAO analysis with galaxies, where the BAO feature is washed out by nonlinearities and therefore some information on geometry is lost. In the following section we compare the degree of geometric information that voids and galaxies can provide on a wide range of scales, taking into account the entire shape of their auto-and cross-power spectra. Figure 2 suggests the galaxy auto-and the void-galaxy cross-power spectra to be more sensitive to geometric distortions than the void auto-power spectrum, as the shift in amplitude of their ellipticity is larger and affects a wider range of scales. However, not all of this information can be utilized for an AP test, since the anisotropies that arise from redshift-space distortions are poorly understood on nonlinear scales and hence cannot be distinguished from purely geometric distortions. On the other hand, while void auto-correlations do not suffer from this systematic, the relatively low number of voids compared to galaxies reduces the statistical significance of this estimator.
Sensitivity
The left-hand panel of figure 3 shows the cumulative 1σ-error on the combination D A H as a function of increasing Fourier wavenumber k, as forecasted via Fisher analysis following section 3 and based on our 1h −3 Gpc 3 simulation volume at redshift z = 0. The statistical significance on measurements of D A H from void auto-correlations is less compared to the case where galaxies are taken into account. Its cumulative uncertainty continually decreases up to the characteristic void scale of k ∼ π/r v and then gradually saturates due to the domination of shot noise in the void auto-power spectrum [52] . Although the uncertainties on D A H from galaxy auto-and void galaxy cross-power spectra continue decreasing beyond that scale, systematics from redshift-space distortions clearly set a limit on the range of scales that can be used for an AP inference. To the desired level of precision, the common models for galaxy redshift-space power spectra can optimistically reach scales of k 0.2h Mpc
at low redshift. Hence, the final precision on D A H from either galaxy-or void correlations might individually be within the same order of magnitude.
On the other hand, at higher redshifts the constraints on AP distortions from void auto-correlations become more competitive with the other two cases. As apparent from the right-hand panel of figure 3 , the forecasted precision on D A H becomes comparable among all three types of correlations at redshift z = 1, on the largest scales void auto-correlations even yield the best constraints. In a volume-limited sample, which we are considering in this case, the abundance of voids increases towards higher redshifts, as many small voids get destroyed via the void-in-cloud effect during cosmic evolution [50, 53] . In a fixed observed volume the attainable error on D A H from two-point correlations roughly scales with the inverse square-root of the total number of tracers [22, 54] . This can be understood with the fact that differently biased tracers of the large-scale structure contain complementary information on its underlying density field [55] [56] [57] [58] [59] [60] . Thus, taking voids into account for redshift-space analyses from galaxy surveys may substantially increase the sensitivity to geometric distortions and hence the accuracy on cosmological parameters.
In order to see whether a specific void selection can increase the AP signal, we have repeated our analysis applying various cuts on different properties of voids, such as effective radius, minimum density, and tree level. However, we find that optimal constraints in terms of Fisher information are achieved when the entire void hierarchy is included. This suggests possible cuts on void catalogs to be as least restrictive as necessary for this type of measurement, but it is possible that very small voids close to the resolution limit are more prone to systematic effects.
Conclusions
Void auto-correlations are a promising statistic for applications of the AP test and constraining the expansion history of the Universe. In addition to galaxy auto-and void-galaxy cross-correlations, they provide complementary information on cosmological parameters, while at the same time being least affected by systematic effects from redshift-space distortions.
To a certain extent redshift-space distortions themselves can be utilized to constrain cosmological parameters, provided their influence on the two-point statistics of galaxies can be modeled accurately enough. However, because of their largely nonlinear nature, this can optimistically be achieved only on scales k 0.2h Mpc −1 at low redshifts so far. Void-galaxy cross-correlations are less affected by these nonlinearities, as the galaxy density enters this statistic only linearly and not squared. Therefore, models for the void-galaxy cross-correlation (such as in ref. [33] ) may be applied on even smaller scales and can utilize many more Fourier modes for cosmological inference. These models require knowledge of the peculiar velocity profile of galaxies around voids, which is not directly observable.
Nevertheless, simulation results suggest density and velocity profiles of voids to be of universal character [47, [61] [62] [63] [64] , and their interdependency to be very well described by linear theory down to a few Mpc [63] . Simple empirical functions for these profiles can then be used to model the data, their free parameters may either be calibrated to numerical simulations, or be marginalized over. Augmented with void auto-correlations, a full redshift-space analysis of the two-point statistics of galaxies and voids promises to yield the most accurate constraints on the expansion history of the Universe and its cosmological parameters from a given redshift survey. Planned spectroscopic surveys such as Euclid [65] or WFIRST [66] have the ideal requirements for this type of measurement, but even ongoing experiments like the SDSS [67] , VIPERS [68] , GAMA [69] , or WiggleZ [70] are expected to benefit from the proposed method. We plan to report on its application to real data in the near future.
